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Integration of vectors
_ dG (t _
If two vector functions F (t) and G (t) be such that dt( ) _ F ()

then G (t) is called an indefinite integral of F (t) with respect to
the scalar variable t and can be written as

I F (t)dt = G (t) + c Where cis an arbitrary constant vector.

It’s definite integral is

Jq'f ® =[G (t)—I—C] =G (b) — G (a)



Problem:

If F(t) = (5t° —3t)i +6t3j — 7tk then evaluate I F (t)dt

Sol: 4
j )dt_j[(st — 3t)i +6t3] — 7tk ]dt

A

5t 3t —~ 3T - T7t=

—LC 3 > 25 > <1
_ (5(64—8) 3(16—4))i— ~ 3(256 —16) -
3 2 | 2 )
7(16 —4) -
2

_ 226+ 360 — 42k
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Line Integral

If F(r) = fi + gj + hk where f, g,h are functions of x, y, z and
dr = dxi + dyj + dzk ,then

jF-drz_f(fdx+gdy+hdz)

is called line integral of F over c, where cis an curve in space
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Workdone by a Force

If F represents the force acting on a particle moving along an arc AB,
then the total workdone by force F during the displacement from A
to B given by line integral

B
|F
A

e, if F = fi+gJ+hk and T = Xxi + yj + zk B
—> dF = dxi + dyj + dzk

fdx + gdy + hdz

>ty T
L
Q
||

D> Loy T
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Problem:

Find the workdone byaforce F = (X° — y* + X)I — (2Xy + V) ]
which moves a plane in xy-plane from (0,0) to(1,1) along the
parabola y? = x

Sol: Given parabola y® = x in xy-plane
Hence z=0

Workdone= j F-dr = j( fdx + gdy)
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Problem 2:

Find the workdone by a force F = zi + Xj + vk when it moves a
particle along the arc of the curve ¥ = costi + sintj —tk from

t=0tot=2x
Sol: Given T = costi +sintj —tk
Hence X = cost,y =sint,z = —t

now, - o
dr = (—sini1 +costj] — k)dt

F -dr = (—tiI + costj +sintk)-(—sinti +costj — k)dt

= (tsint +cos”t —sint)dt
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Wo rkdone=

27
jlf-dr — j(tsint+coszt—sint)dt
C 0O

27T 27T
= [tsintdt + j(1+0052t
(0) (@) 2

27T
Ydt — jsin tdt
0)

- 27

—[t(—cost)—( sint)]§”+[;t=8'22t] —(—Cost)j”

= —272'4—%(272‘) +(1—-1)

=27+ =—x
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Problem 3:

Find the workdone by a force F = 3x°1 + (2xz — y) j + zk
along the straight line from (0,0,0) to (2,1,3)

Sol: Given, __ _ _ _
F =3x"1+(2xz—vy)]j+zk

Equation of line OA is
x—0 y—-0 z-0
2 1 3

—> X=2t,y=t,z =3t

= t(say)

t=01to t=1
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ENLICHIENS T HE NESCIENGCE

Workdone along the line 0(0,0,0) to A(2,1,3) is given by

F -dr = j3x2dx + (2xz — y)dy + zdz
OA

1
= | 3(4t%)2dt + (12t° — t)dt + 3t.3dt
=0

t

1
= [ (36t* +8t)dt
t=0

36t3 8t2._.
! -1
3 >

=12+4 =16
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Problem 4:

Find the workdone by a force F = xy1 + yzj + zxk
along the curve x =1,y =t,z = t° from t=0 to t=1

Sol: Given, F = xyI + yzj + zxk
andcurvex =1, y=t,z=t° = dx =0,dy =1, dz = 2tdt

Tl

-dF = (xyl + yzj + zxk) - (dxi + dyj + dzk)
= XydX + yzdy + zxdz
= t(0) + t3dt + t° (2tdt) = 3t>dt



e Work done=
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Conservative force field

If | F di = Othe field is cosevative, i.e., no work done in
displacement from a point a to another point and back to a(i.e., work
done is independent of the path .

Hence every irrotational vector is consevative and there exists a scalar
@ such that F = Vg and this ¢ is called scalar potential
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PROBLEM:

Show that F = (2xy + z3)I + X% J + 3xz%K is
conservative and find work done by a moving particle from
(0,0,0) to (1,1,1)

Solution: Given, _ _ _
Oution: LIVEN, = = (2xy + 231 + xX°J +3xz°k

i i Kk
curlF = V <x F = i i ﬁ
OX oy oz
fl f2 f3
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1 7k
d 0 0
curl F = Py 3 92
2xy +z3 x% 3xz?
=T |55 GBx2%) — £ ()| =T [52Bx22) — 522y +29)| + |55 (D) — 55 (2xy +29)]
=7 [0—0]—7[32%—32%] + k[2X — 2X]
=0.
Curl F=0.

So, F is irrotational, hence F Is conservative
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A vector F Is conservative If their exists a scalar function @

such that F=V@.

Let @(x,y,z) be a scalar function then,

00— 00— 00 7
Vo) = L+ 3

dx Z

_ 00— 00—+ 00 7
F_axl +6y] +6‘zk
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(2Xxy + 23T + X?J+3xz2%k =i —/—= + j ——

Comparing on both sides ,we get

%: (2xy +2°) = ¢ = x"y +x2° + f,(y, 2)
X
%:X2:>¢=x2y+ fz(X,Z)
oy
%=3X22 — ¢ = xz° + f(X,Y)
Z

P =Xy+xz°+cC
which is our required scalar potential
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Workdone from O(0,0,0) to A(1,1,1) is given by

IF .dF = _f(2xy+z Ydx + x°dy + 3xz°dz

A
_fd (X°y + xz°)
@)

(1,1,1)
—[x°y+xz°>

(0,0,0)

—=1+1= 2units



Aditya Engineering College(A)

ENLICHIENS T HE NESCIENGCE

Practice Problem

1.Find the workdone by a forceF = 3X®yi + 2yj + 4Xxz°K along
thecurve x =t, y = t°, z =t> from t=0 to t=1

2.Show that F = 2xyz°1 + x®°z3 ] + 3x°yz?kKis

conservative and find work done by a moving particle from
(1,-1,2) to (3,2,-1)
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CIRCULATION:-

If ¥ represents the velocity of a fluid particle and C
is a closed curve, then the integral ¢ 7. d7 is called the

circulation of v round the curve C.

If [ ©.dr = 0, then the field 7 is called

conservative, I.e., no work Is done and the energy Is
conserved..
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1) If F=(x*+y?)i —2xyj evaluate § F.dr where
curve c Is the rectangle in xy plane bounded by
y=0,y=Db,x=0,x=a.

Sol:)
Given F =(x“+y4)i —2xyj
dif =dxi +dyj +dzk
dir = (x* + y*)dx — 2xy dy
J.F.di = [ (x* +y*)dx —2xy dy
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= jF.dr+ fF.dr+ fF.dr+ fF.dT - (1)

OP PQ OR RO
(1)Along the line OP:

y=0 and dy=0 and x varies from O to a.
T ogE— (%2 g, @
..fOPF.dr = J, x* dx ==
(iAlong PQ:
x=a => dx=0 and y changes from 0 to b.

.'.fPQ F.dr = fob(—Zay)dy = —a b*




vo‘ ,. '\}‘{\ (N
||'II'_J/\_” Aditya Engineering College(A)
M

(111) Along OQR:
We have y=b => dy=0 and x changes from a to O.

m 3= — (Y7..2 2 _—a’ 2
fQRF.dr—fa(x +b*)dx = — —ab
(1v) Along RO:

Xx=0 =>dx=0 and y varies from b to 0.
— 0
e Frdr =, 0dy =0
Hence substituting (1),(i1), (iii) and (1v) in equation (1) we get,

a3

gﬁFdr—?—abz ~a’ —ab* = —2ab* ...
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2) Compute the line integral [(y“dx — x“dy) round the
triangle whose vertices are (1,0),(0,1),(-1,0) in the xy-plane.

Sol:) Let A=(-1,0), B=(1,0),C=(0,1)
Equation of AB (x-axis) Is y=0
Equation of BC Is x+y=1

Equation of CAIs y-x=1

f yPdx — x*dy) =

[ [+]-

AB BC CA
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(1)Along the line AB:
y=0 => dy=0
f,=J0=0
(11) Along the line BC:
X+y=1l=>y=1-x .. dy=-dx
g = f;):l(l — x)2dx — x2(—dx)

_[—1(1—x)3]° +[x3]O -1 1 -2
B 3 x=1 L3l,=1 3 3 3
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(1+x)3 x3
3 3

=0+~ + - + 0=0

Hence the required line integral
=0-2/3+0
=-2/3 [using(1)]...
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3) Evaluate the line integral | [(x* + xy)dx + (x* + y*)dy]

where c Is the square formed by the lines x=+1 and y ==+1.
Sol:)
Here | F.dF = [ [(x* + xy)dx + (x* + y*)dy]

y

B
=Sl y=1 oD

In the counter clock-wise direction \ 3.

|
Y
\-‘

0O

s

;\( ‘ l’ ‘.'. | "‘."l)
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J.F.dr=[, F.dr+ [ F.dr+| F.dr+/[  F.dr..(1)
Along AB:
Here y=-1. ..dy=0.
= 1 1 1
g Fdr =[_ (x* —x)dx = [ x?dx — [ x dx

0
=2 x2dx — 0 = 2 [%3]1 =2 .

Along BC:
Here x =1. « dx = 0.
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. F.dF = f1 (1 + y)2dy
_ _ 8
=2 |y + —] =2[1+1]=0 ..(3)
Along CD:
Here y=1. .. dy=0.
e F.dr = fl_l(x2 + x)dx
=(-1) f_ll(x2 + x)dx =
:(-1)[2 fol x2dx + O] = —=

()

Aditya Engineering College(A)




Here x=-1. .. dx=0. PeLh | el S
— _ _1 \ |
'.'.JCDA F. Cf?" — fl (1 + yZ)dy . \+~\ 2 x.l%x
=(-1)J_, (1 +y3dy = (=2) f, (1 + y*)dy |-
1 1 0 A (=1,~1) i 3(1,~1)
‘ 3 1, 8 | e
=y +%| =AM+ ;1= .. (5)

Hence the required line integral in the counter clock-wise direction

IS
J F.dr =§+§—§—§ = 0, using (1).....



Aditya Engineering College(A)

4)If F =3xyi —y?j evaluate [ F.dr where C isthe curve
y=2x? in the xy plane from (0, O) to (1,2)

Sol:) Given F =3xyi —y?j
df =dxi +dyj +dzk
F.d7¥ = 3xy dx — y*dy
C is the curve y =2x?
dy = 4x dx
X : 0-1
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jﬁ. dr = f(?vxy dx — y¥)dy
C
C

= fxlz 0 3x(2xH)dx — 4x*(4x)dx
=['(6x3 — 16x5)dx

_[6x4 16x6]1
4 6 l1p
6 16 7

4 6 6
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SIf F = (5xy —6x?)i +(2y — 4x) j, evaluate | F.dr
along the curve C in the xy plane y=x3 from (1,1) to (2,8)
Sol:) Given F = (Gxy—6x2)i + 2y —4x)j ....(1)
Along the curve y=x3 ,dy=3x? dx
S F=0Gxt*—6x)i +(2x3—4x)j [Putting y=x3 in (1)]
df =dxi +dyj =dxi + 3x%dx.j
L F.dr = [(5x*—6x2)i + (2x3 —4x) j ). (dx i + 3x2dx.j)
= (5x* — 6x2)dx+ (2x3 — 4x) 3x4dx
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= (6x°+5x4-12x3-6x2)dx
Hence fc F.dr = | 12 (6x°+5x4—12x°—6x?)dx
=6 +5-—12= - 6%
6 5 4 3
= [x0 4+ x° — 3x* — 2x3]%
=16(4+2-3-1) - (1+1-3-2)
= 32+3=35....
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Surface integrals :

Let F = F,T+ F,J + F;k where F;, F,, F5 are continuous and
differentiable functions of x, v, z.

Then surface integral is [ F.71 dS

Where 71 is the unit outward normal vector

Along xy-plane normal vector is k
Along yz-plane normal vectoris 7

Along zx-plane normal vectorisJ



NOTE:
Let R, be the projection of S on xy- plane . Then
_ F.n dxdy
j F.7dS = f f @
‘n. k‘
S R4
Similarly,

Let R,be the projection of S on yz- plane . Then

_ F.ndydz
fF.ndS=ff —
|n. 1

S
Let R;be the projection of S on zx- plane . Then

_ F.n dzdx
fF.ndS = ff ——
) 7. J]

Aditya Engineering College(A)
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1) If F = 4xzi— y*J + yzk, evaluate [ F.71 dS where S is the surface of
the cube bounded by x=0, x=a, y=0, y=a, z=0, z=a.

Sol: consider the volume within the cube PQASCRBO in figure bounded
by x=0, x=a, y=0, y=a, z=0, z=a.

Here F = 4xzl — y*J + yzk

Let us calculate fSF i dS for each face of the cube.
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1) Along the face R; =0OCRSB, it is in yz-plane

X=0, ds=dydz, n
0<y<aql0<z

= — 1
<a

F.n=—4xz =0 (since x = 0)

ﬂﬁ.ﬁds=o

R4
I1)Along the face R, = ASPQ, itis in yz-plane

X=a, ds=dydz, n
0<y<aql0<z

= 1
<da

F.i=4xz =4az (sincex = a)

2

B = a a a 72 a a B .
ffRz F.nds = fy=0 fZ=O4aZ dydz = 4a fy:() [7]0 dy = 4(1.? - [}’]8 = 2a
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Ill) Along the face R; =0OAQB, it is in xz-plane

y=0, ds=dxdz, n = —J
0<x<ag0<z<a

F.n=y% =0 (sincey = 0)

ﬂﬁ.ms:

IV)Along the face R, = CSPR, itis in xz-plane

y=a, ds=dxdz, n = J
0<x<aq0<z<a

2

F.n=—-y*=—a%(sincey = a)

ﬂ F.nd j f( a®)dxdz = —a? f[Z]adx=
0

R4_ x=02z=
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V) Along the face R =0ASC, it is in xy-plane

z=0, ds=dxdy, 7 = — k
0<x<aq0<y<a

= |

= —vyz =0 (sincez =0)

Rs
V1)Along the face R = PQBR, itis in xy-plane

z=a, ds=dxdy, 7= k
0<x<a0<y<a

Fi=yz=ay (sincez=a)

L= .2 .
ffR6F. dS = fx Ofy andxdy—afx o[ ] dx = a.— > .[x]3=7
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JF.nds=[[; FadS+ [, F.ndS+ [[, F.adS+ [, F.adS+ [f, F.-ndS+ [, F.ads
— 4 4 a4-
J F.7dS=0+2a%+ 0 —a*+ 0+ —

_ 3a*

2
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2) If F = 2xyT+ yz*J + xzk, evaluate [ F.7 dS where S is the surface
of the parallelepiped bounded by x=0, x=2, y=0, y=1, z=0, z=3.

Sol: consider the volume within the cube PQASCRBO in figure bounded
by x=0, x=2, y=0, y=1, z=0, z=3.

Here F = 2xyT + yz*J + xzk

Let us calculate fSF n dS for each face of the cube.
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|) Along the face R; =0CRSB, it is in yz-plane
X=0, ds=dydz, n = —1
0<y<10<z<3

F.n = 2xy = 0 (since x = 0)

e

I1)Along the face R, = ASPQ, itis in yz-plane
X=2, ds=dydz, n =1
0<y<10<z<3

F.n=2xy=4y (sincex=2)
.= 1 3 241 1
ffRz F.ndS = fyzo fz=0 4y dydz = 4fZa=O [y?]odz = 4.5 : [z](3, —23 =6
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Ill) Along the face R =0OAQB, it is in xz-plane

y=0, ds=dxdz, n = —J
0<x<20<2z<3

F.n = —vyz? (sincey = 0)

IV)Along the face R, = CSPR, itis in xz-plane
y=1, ds=dxdz, n = J
0<x<20<z<3

F.n=yz*=z%(sincey = 1)

— 23 3
[lg, F-1dS = [y [,oy(zdxdz = [ |5| dx=9 [x]§=9(2)=18
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V) Along the face Rz =0ASC, it is in xy-plane

z=0, ds=dxdy, n = — k
0<x<20<y<I1

F.n=-xz=0(sincez=0)
ﬂﬁ.ﬁ dS =
Rs

VI)Along the face R

z=3, ds=dxdy, n =
0<x<20<y<

= PQBR, itis in xy-plane
E
1

F.n=xz=3x (sincez=23)

L= 2 1 1 [x2]° 22
ffR6 FndS=/[_, fy=0 3x dxdy = 3 fy=0 [%]de =3.= . [y

o
|
@)
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[F.nds=[[; FadsS+[[; F.ads+ [[; Fads+[[; F.ads+ [[; F.ads+ [f; F.ads

[F.ndS=0+6+0+18+0+6
=30
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3) Evaluate [ F.71 dS, where F =zl + xj — 3y“zk and S is the curved
surface x* + y* = 16 included in the first octant between z=0 and z=5.

Sol: Given surface Sis the curved surface ABCEA.
let @ = x% + y* — 16
Normal to the surface Sis grad @

_09 _09 7+ 00
Normal vector = grad @=V0 =T-—+] @J’k 9z

=2xT1+2yj+o0k

2x1+2y Jtok 2x1+2y j+ok

|2x T+2y J+o k| \[axZ+4ayZ+02
2xtty]) xity]J

2v16 41

Unit normal vectoris n =




Consider the curved region R: OBCD
Let R be the projection of S on yz- plane . Then

_ F.n dydz
fF.ndS=ff —
|n. 1

S R,
F.7i= (2T + xJ — 3y?zk).(F-22)= =22
7T (x1+yj) l——

Aditya Engineering College(A)

For the surface x% + y% = 16 in the yz-plane , x=0 =>y = 4

Z limits are0 to 5
Y limits are 0 to 4
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L F.7n dydz

jF.ndSsz —
|n. 1]

S

. XZ + le;zdydz
F.7dS = 4
5 n o [
4 5 2 4 2 5
= f (y+ z) dydz = j yz+7 dy
y=02z=0 y=0 0
4 25 _ y? = 25y 4
=)y + ) dy = [57+TO

=40 + 50 = 90
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4) Evaluate [ F.71dS, where F = yzi+ 2xy*j+ xz*“k and S is the

curved surface x2 + y% =9 included in the first octant between z=0
and z=2.

Sol: Given surface Sis the curved surface ABCEA.
Let @ = x% + y* —9
Normal to the surface Sis grad @

_99 _09 - 09
Normal vector = grad 0=V =T—- ]@%5

=2xT+2yJ+ok
2xT+2y Jtok 2xT+2y Jt+ok
|2x T+2y J+o k| \[4x2+4y2+02
2(xt+y]) x1+y]J
- 2/9 - 3

Unit normal vectoris n =




Consider the curved region R: OBCD
Let R be the projection of S on yz-plane . Then

_ F.n dydz
fF.ndS = ]] —
|n. 1

S R,

— — T 3
7= (yzl + 2xy%] + xz°k).( = xyz-l—32xy

_ _ XT+Y ],
n.zz(xI ”).1=§

Aditya Engineering College(A)

For the surface x% + y% = 9 in the yz-plane , x=0 => y =3

Z limits are 0 to2
Y limits are 0 to 3
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F.n dydz
f Fonds = ﬂ 7.1
. : xyz+ ny dydz

fﬁ.ﬁds — ﬂ 3 B

R,

472

S 3
= f j(yz + 2y )dydz = j [y + 2 ); dy
y=02z=0 0

; 3
y=0(2y + 8) dy = [27 + 8y]0

=9 + 24 =33



PRATICE PROBLEM

1. Evaluate [ F.71 dS, where F = xzT+ 2y“J+ xyk and S is the
curved surface x% + y# = 25 included in the first octant between z=0
and z=5.
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Volume Integrals

If F(r) = Fi + F, J + F,K be avector point function defined
over volume V so that dv = dxdydthen the volume integral is given
by

j Fdv = Ijj(Flr + F, ] + F,k)dxdydz
V

— fj_” F,dxdydz + ]_f_” F,dxdydz + IZ_UI F,dxdydz
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Problem:

If F = (X® — y2)i + yj + zK then find the volume integral of
over the region bounded byO < x <a,0<y<b,0<z=<c

Sol: Given, F = (x? — yz)I + yj + zk

j Fdv =1 j j j((x — y2)I + yj + zk )dzdydx
Xx=0 y=0 z=0
a b C

— i_j j j (x° — yz)dzdydx + ]_f j jydzdydx

x=0 y=0 z=0 x=0 y=0 z=0

+IZI j jzdzdydx

X=0 y=0 z=0
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C
b 2 a b

.? IO(X Z—y—) dde+Jj {(yz) _dydx

xX=0 y=0

+ kK J' j (_) dydx

X=0 y=0

i J I(XC—Y—)dde+Jj fycdydzmzj‘_‘

x=0y=0 x=0 y=0 X
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a 2 ®
+|Zj (C_y) dx
x=0 2 y—0
a 2 2 a 2 a 2
=7 [ (x®bc— = b ax + | cb dx + K [ = bdx
Xx=0 2 X=0 2 Xx=0 2
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=
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3 2 2 a 2 a
~ X b“Cc“ X - b
=1 (—3 bcC a ) + 1 (C—Z X)
_ pc2
+ K ( 2 X)
3 ab?c?_ - ab’?c - abc? —
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Problem:

f F =2xzi —Xj] + y°k then find the volume integral over the
regionbounded by x =0, x=2,y =0,y =6,z=x°,z=4

Sol: Given, F = 2xzi — Xj + y°k

4

((2xzi — Xj + y°k)dzdydx

y6 4 2 6 4
_[ _f 2xzdzdydx—]j _f jxdzdydx

x=0 y:O Z:X2
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2 6

2 6
— i J. J- (XZZ):ZXZdde — ] J. J.(XZ)jzxzdde

x=0 y=0 x=0 y=0

+ k j‘ ji (y2 Z):_deydx

X=0 y=0

2 6

=1 j' jix(16 — x*c)dydx — j j .fx(4 — x?)dydx

x=0 y=0 x=0 y=0

+ k j. ji vz (4 — x*)dydx

X=0 y=0
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— i_j (16x — x5)(y)i_odx— ]j (4x — xg)(y)i_odx

Xx=0
6

2 3
+k | (4—x2)()£3) dx

y=0

=1 j‘(16x — x>)(6)dx — ] j.(4x — x3)(6)dx

j~ 216)dx
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ﬁ e s ?
" AID u% TY A

6 2 4 -
— i (8)(2 )(6 ) 6)— JT(2X2 )Zl- ) )
3 2
+ k (4)( ); ) (2::;6)

—128i — 24 j + 384k
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Problem:

If F = xyI + yzj + zxK then evaluate
(i)jv- Fdv (ii)jV x Fdv where V is region bounded by
V Vv

X=0,x=2,y=0,y=1,2z=0,z =X

Sol: Given, F = xyI + yzJ + zxk
(i)jv. Fdv
V
oF OF oF
+—
oX oy 0z

V-F

=yY+Z+X



Aditya Engineering College(A)

Now,

J.V-_dv=j. j‘ j(‘(x+y+z)dzdydx
V

2 X

2 1 Z
= | J (xz+yz+ ) dydx
x—0 y—=0 2 o
2 1 X2
= J' (X® + yxX + ?)dydx
x=0 y=0
> 2 2 .
= > = <X 4+ = dx
J, (T y x5 > YD)

X2

2
:J‘(xza’z(: S
x=0
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=G+t )
=§—|—2—|—i

3 3

18
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i j 3
OX oYy oz
fl f2 f3
i j kK
_|°e <2 <9
OX oy oz
XY VZ ZX
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y e T R o5 \
U\\_@ugvgm‘c

=i1[0—y]— j[z—0]+K[0— x]

— —vyi —zj — xk

X

(||)IV><de_—j j I(yI+Zj+Xk)dZdde

x=0 y=0 z=0

Now,

2

= —i_j‘ _f _f ydzdydx — ]j j J'zdzdydx—lzj‘ j' j‘('xdzdydx

X=0 y=0 z=0 X=0 y=0 z=0 X=0 y=0 z=0
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—— ] [(yz)avax—i] | (Z—) v

x=0 y=0 x=0 y=0 2

O y=0

2 1 2 1 2
=—|_J' jxydydx— J -f J' a dydx

x=0 y=0 x=0 y=0 2



Aditya Engineering College(A)




Aditya Engineering College(A)

_22 _23 _ 23

= —I ] k —
4 6 3
__i2_;8_k8
4 §) 3

|
ol
w|H
-
|
Wl
A



Aditya Engineering College(A)
Problem:

If @ = 2xthen evaluate f”¢dv where V is region bounded by
V
X=0,y=0,z=02X+2y+z2z =4

Sol: Given,
@ = 2X

The limits are:

Zz=0to Z=4—-2X—-2Yy
V=0toY=(4—-2X)/2
X=0to X=4/2=2



N 0 w

f{f v

Aditya Engineering College(A)

2—X 4—-2X-2y

j‘ j I 2xdzdydx

X=0 y=0 z=0

2

— | [ (@2xz)} 7 ayax

2 2-x 2 2-X
= j j'2x(4— 2X—2y)dydx =4 I I(ZX — x* — xy)dydx
x=0 y=0 x=0 y=0

2—X

> 2
J;O 22Xy +XZy X>2/ ) dx

2
j (x® —4x° + 4x)dx
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Practice Problem

Evaluate _f Fdvwhen F = XI + yj + zk where Vis the region
bounded\ByXZO,Xz2y=0,y=1,z:0,224



O OII2 o
O SO
- ‘\\ =
Ve /f 2\

@\DlhrJA

Green’s Theorem:-

If R Is a closed region in XY- plane bounded by a
simple closed curve C and if M and N are continuous
function of x and y having continuous derivatives in R,

then ¢ M dx + N dy = [[, (aN 21\;) dxdy




1) Verify Green’s theorem in the plane for
J .(x* — xy®)dx + (y? — 2xy)dy where c is a square with
vertices (0,0), (2,0), (2,2), (0,2).
Sol:)
Green’s theorem 1s

fMd + Nd ff <0N aM)d d
X y = X
c p\0x 0y Y




J@ﬁ%ggJA
Here M= x2-xy? N= y?-2xy
L.H.S:-

fCde—l—Ndy = fOA+fAB+fBC+fCO
Along OA: y=0=>dy =0, x:0 - 2

2 x31°
Jo Mdx+Ndy= [ x? dx=[—] = -
Along AB: x=2=>dx=0, y: 0—>2
Mdx+ Ndy = f(y — 4y)dy

AB



Along BC: y=2=>dy=0 X 2—>0
Mdx + Ndy = f(x2 8x) dx

BC ¥ 4y 8 -16
3 25 0 ‘(?‘7) =785
_ X 8x _ o + 16 . 4‘0 Along BC: y=2 >dy—0x:2—>9
- 3 2 /9 - 3 LCMdHNdy:L(xz—Bx)dx
Along CO: x=0=> dx =0 y:2-0 (33 =ree=

Along CO: x=0=> dx=0 y:2- 00

0
M dx + N dy =f y2 dy LOde+Ndy=£y2dy
CO 2






?"_J/\DII‘IF_JJ\\__

RHS:- [, (aN aM) dxdy

0x oy

M= x2-xy*  N= y*-2X
%
dy g4 dx

ON oM 2 2
I, (% ay) dxdy={,_, [, _,(=2y + 3xy?)dxdy

—2y* n 3xy? 2




:fz(—4 + 8x)dx

8x*

2
= —4x+—] = -8+16 =8
2
L.H.S=R.H.S

fc Mdx + Ndy = ff (azv azw) dxdy

Hence Green’s theorem 1s verified..




2) Verify Green’s theorem for | (xy + y#)dx + x*dy where c is

Bounded by y=x and y=x?
Sol:)

Green’s theorem 1s

jMd + Nd ff (GN aM)d d
X — X

c Y g \0x 0Oy Y
L.H.S:

J.Mdx+ Ndy= | + [




x=1=>y=1
Intersection points are (0,0), (1,1)



&

J\\_@lnrgm‘

Along c;:
y=x2 => dy =2X dx
X:0-1

J. Mdx+Ndy = fol(x3 + x*)dx + x%(2xdx)

5

1 3x 1
= [, (3x3 + x4)dx = ( z 3;)0

3 1 _ 19

4 5 20



Along c,:
y=x=>dy=dx x:1 -0

0
fde+Ndy=f (x2 + x2)dx + x%dx
c, 1

<[} 3w = 3(%) = -1

J.Mdx+ Ndy= [ + ]
19 —1 1 2

20 20



ffR (gla\c’ ay) axay

M= Xy+y? N= Xx?
oM ON

9y X+ 2y T X

ﬂ (gx ay) axay= f f\/_ (x — 2y)dxdy

=J,—0 [f):/_(x — Zy)dx] dy






|
I\
|
“ur | o>
T+
e

20
L.HS=R.H.S

Hence Green’s theorem 1s veritfied..
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3) Evaluate Green’s Theorem [ (y — sin x)dx + cos x dy where ¢
IS the triangle enclosed by the fines y=0, X=,

Ty = 2X
Sol:)
Let M= y-sinx N=cosx
M _ 1 W _ _sinx
ay dx

By Green’s theorem

er + Nd ff <8N aM)d d
X = X
Je ’ g \0x 0y Y




& D

_ADIMTY A

J.(y —sinx) dx + cosx dy = fylzo fxi%y(— sinx — 1)dxdy

T

1 —_—
2
— fy:o ﬂ(— sinx — 1)dx|dy

- 2
T

= fol[cosx — x]g_y dy

Lo ‘y my
=f0[ > Coszlzldy




Ty -y 2 ny21
SmZ'n alh




Aditya Engineering College(A
Gauss divergence theorem:

Let S be a closed surface enclosing a volume V. If F is a
continuously differentiable vector point function, then

f divﬁdv=f17.ﬁd5
% S

Where 11 is the unit outward normal vector
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1) Evaluate [ F.7ds, if F = xyl+ z*J + 2yzk over the tetrahedron
bounded by x=0, y= O z=0 and the plane x+ y+ z =1.
Sol: From Gauss divergence theorem
), (ilidev = J F.nds
Given, F = xyT+ z*J + 2yzk

divF=V.F
_ J a i _ 2 — 7
= (T T} y az).(xyl-l-Zj-l-Zka)
2
_ a(xy)_l_ 0z +2 0(yz)

dx dy 0z

=y+ 0+ 2y =3y



SIS S
Jeﬁ@ TR

<% >

FOND/
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Given curve is the tetrahedron bounded by x=0, y=0, z=0 and the plane
X+ y+z=1

Zlimits 0to 1-x—vy
Y limits O to 1-x
X limits Oto 1
Hence [.F.7ds

= [, divFdv
1 1-x1—x—-y
= f f f 3y dx dy dz
x=0y=0 z=0

a1 1—X

— [ [ (Byz). “dydx

Xx=0 y=0



1

= | ]XSy(l—x—y)ddeZ

x=0 y=0

Aditya Engineering College(A)
1

J' 1J'X(C%y — 3xy —3y?)dydx

x=0 y=0

T vV Y4 V3
3 3% 3 dx
[ 1 = 1 = 11— )3
- =S 2X) = 2X) 3¢ 3X) 1




s
& > =
g %

Aditya Engineering College(A)

1 . 3 -
:3;.-0[(1 2x) L 3X)3] A

_ 3Xj‘o[ @A—x)° 7 ox

(&)
B @A—>)*
BRLE=Yos W

1
8
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2) Verify Gauss divergence theorem for F = 4xzT — y*J + yzk, taken over

the surface of the cube bounded by the planes x=0, x=a, y=0, y=a, z=0,
Z=a.

Sol: From Gauss divergence theorem
J, E!idev = | F.nds
Given, F = 4xzl — y*J + yzk
divF =V.F

= (T aT} k—)(4xzz—yj+yzk)

0(xz) 6y2+ 9(yz)
dx dy 0z

=4

=4z-2y+y=4z-y
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Given surface is of the cube bounded by the planes x=0, x=a, y=0, y=a,
z=0, z=a.

z limits O to a
Y limits Oto a
X limits O to a
Hence [ F.ndS = [ divFdv

:jl' jl' Ja'(4z—y)dzdydx

X=0 y=0 z=0




5, g e 3 e
— j’o [4. azz a—a.2 1dx
_ [2a4 5124] _ 324

Aditya Engineering College(A)
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Verification:

consider the volume within the cube PQASCRBO in figure bounded by
x=0, x=a, y=0, y=a, z=0, z=a.

Here F = 4xzl — y*J + yzk

Let us calculate [, F. 7 dS for each face of the cube.




?ﬁ%g;_J B B
F =4xz1 — y*] + yzk
|) Along the face R; =OCRB, it is in yz-plane

X=0, ds=dydz, n = —1
0<y<aq0<z<a

Aditya Engineering College(A)

F.n=—4xz = 0 (since x = 0)
ﬂ F.ndS =
R4

Il)Along the face R, = ASPQ, itisin yz-plane

X=a, ds=dydz, n = 1
0<y<q0<z<a

F.n=4xz=4az (sincex =a)

J[, F.nds= fy I 4azdydz—4af [2 dy

2
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F =4xz1 — y?] + yzk
I1I) Along the face R; =0OAQB, it is

y=0, ds=dxdz, n = —7J
0<x<aq,0<z<a

IV)Along the face R, = CSPR, itis in xz-plane

y=a, ds=dxdz, n =
0<x<a0zL

Fon=—y*= —aazglsince y =a)

a
fﬁ.ﬁ ds = f(—az)dxdz = —qa?* j[z]gdx = —a’.a [x]3=—-a*
x=0

R4_ x=02z=0

—
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F=4xzt— v+ vyzk
V) Along the face R =OASC, it

z=0, ds=dxdy, n = — k
0<x<aq0<Ly<a

Aditya Engineering College(A)

F.n =—yz =0 (since z = 0)

w

Rs
VI)Along the face RB_: PQBR, itisin xy-p
z=a, ds=dxdy, 1 = k
0<x<aq0<y<a

= 7. - .
r 5 ¢ fone WY S
E Sl e 57 54

Fi=yz=ay (sincez=a)

— | 2
[y Fads= [ [ aydxdy=af., [y?]o dx =a.% . [x]3 =

a’t
2
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JF.nds=[[; FadS+ [, F.ndS+ [[, F.adS+ [, F.adS+ [f, F.-ndS+ [, F.ads
— 4 4 a4-
J F.7dS=0+2a%+ 0 —a*+ 0+ —

_ 3a*

2
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3) Evaluatef F.7ds,if F = x?T+ z%] + yk over the tetrahedron bounded
by x=0, y=0, z=0 and the plane 2x+ 2y+ z =4.

Sol: From Gauss divergence theorem
_fv divFdv = [ F.nds
Given, F = x“T+ z°] + yk
divF=V.F

:(Ia+jay+k—) (x I+ 7z ]-I—yk)

_ox? 02% oy
~ Ox ay 0z

=2x+ 0+ 0 =2x
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Given surface is the tetrahedron bounded by x=0, y=0, z=0 and the
plane 2x+ 2y+z =4

The limits are:
z=0to2=4—-2X—-2Yy

y=0 to Y=(4—-2x)/2
X =0 to x=4/2=2



CADTTYA
|__ENLIGHTENS THE NESCIENCE

Aditya Engineering College(A)

2—X 4—-2x-2y

jjjdldev = j j j2xdzdydx

Xx=0 y=0 zZ=

— | [ (2xz)! " Vdyax

Xx=0 y=0

= j' ij2x(4 —2X—-2y)dydx =4 JZ‘ 2J.X(ZX — x* — xy)dydx

x=0 y=0 x=0 y=0
2—Xx
> > 2
4 (2xYy+XZYy Y 3y ax
=0 2 y=0

2
j (x® —4x° + 4x)dx
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4 3 2
X X X
=2 4 F4——
(4 2 )o
4 3 °
- (2 8% 14x>?
2 3 0
16 (8)
== 8 3 4(4)
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4) Apply Gauss divergence theorem, prove that [ 7. ids =3v.
Sol:

Let7 = x T+ yj + z k and we know that div 7 = 3

From Gauss divergence theorem,

f divﬁdv=f17.ﬁds

|74 S

Hence, [ 7.Aids= [ dividv

=fv 3dv= 3V
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PRATICE PROBLEM

1.Using Gauss divergence theorem, Evaluate [ F.71 dS, where F =

xZT + 2y*J + xyk and S is the surface x* + y* = 25 included in the
first octant between z=0 and z=5.
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Stoke’s Theorem

If Sis a open surface bounded by a closed curve Cand F is any
differentiable vector point function then

§ F -dr = jcurl_.ﬁds
C S

where Cis traversed in the positive direction and N is unit outward
drawn normal at any point in the surface
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Problem

Verify Stoke’s theorem for F = (X + y°)i — 2Xyj taken round
the rectangle bounded by the lines x=+a,y =0,y =b

Sol: Let ABCD be a rectangle formed by the lines

X=x+a,y=0,y=Db i

C(-a,b) b y=b B(a,b)
By Stoke’s theorem,
j?lf -dF = fcurllf.ﬁds s Lt +“’a
C S D(-a,0) 0 ;O\A(a,T)*X

Given F = (X + y2)I —2xyj
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Given, F = (x2 + y2)i — 2xyj
Consider L.H.S

$F-dr = $LO + vy —2xyj}{idx + jy}
C C
p— §(X2 —+ yz)dx L 2Xydy C(-a,b) 2 Y=b  Bfab)
=] ]+ ] >®
AB BC CA DA

(i) Along AB, x=a,dx=0
From (1),

X=-dy

— 2aydy

o

jlf-dr:

T"—'.U
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¢
Cl-a,b) b Y=b  B(ab)
(ii) Along BC, y=b,dy=0 \E
g V' Y D(-a,0) 0 v;hj(m’ é
From (1),
_['f°dr: J'(x2+b2)dx
BC X=a
3 - 3
:[X - bZX] — 28 2ab*
3 ] 3
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Z %

-’J@lhrgj\\_<
(iii) Along CD, x=-a,dx=0

From (1),
0]
_[If-drz jZaydy
CD y=Db
— a 27 — —ab“
[y~1l
(iv) Along DA, y=0,dy=0
From (1), a
jlf-dfz szdx_[
CcD X=—a

C"avb,

Aditya Engineering College(A)

y=b B(alb)

=

L

D(-a,0)

O y=0 A@po >

2a’
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Consider,

R.H.S = jcurllf-ﬁds
S

i i Kk
curlF = o o°o 9o
OX oy oz

] j Kk

— K Ka o = —4yk
OX oYy oz
(X +y®) —2xy O
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Since the rectangle is in xy-plane

7 =K. ds = dxdy won | il
jcurIF -Nds = j— 4 yk - kdxdy

1
x

U
Y]

jl' j)' 4 ydxdy

— 4 J'y[x] dy = —4 J'Zaydy

- _4a[y ]o — _4ab2
L.H.S=R.H.S

Hence Stoke’s theorem is verified
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Problem
Verify Stoke’s theorem for F = (2x — y)I — yz?j — y?zk
over the upper half of the sphere x° + y* + z> =1 bounded by the
projection in xy-plane

Sol: The boundary C of S is the circle in xy-plane
X°+y°=12=0
By Stoke’s theorem,

§ F .dr = fcurllf.ﬁds
C S

put Xx=cosé@,y =sin0,0:0 —> 2rx
dx = —-sinad@,dy = cosad @
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i _ENLIGHTENS THE NESCIENCE g

Consider L.H.S

f'f -dr = 5‘3{(2X —y3)i —yz®j—y?zk}-{idx + jdy + kdz}
C C

— §(2x — y)dx — yz°dy — y“zdz

= $(2x — y)dx (- z = 0,dz = 0)

27T
— — | (2cosO —sinO)sinad o
0]



- >
: jg/_?;?;,,- —zr ‘:’\Qg?-b%
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Consider L.H.S
27T 27T
— _fsinz ad e — jsin 26d 6
0] 0]

27T

jl—cosze

27T
do — jsin 26d @
0 (@)

27

— [1 ¢9—i sSinN 2¢9—|—i cos 22#7]
2 g 2 o

:%(272'—0)+O+%(COS47Z'—COSO) =7



4 s

= A Dﬁ%gj/\_ Aditya Engineering College(A)
I ENLIGHTENS THE NESCIENCE __j

Consider,

R.H.S = jcurllf-ﬁds
S

I j Kk
curle =12 <2 9
OX oy oz
f, f, f,

] j Kk

_| <2 K<l 9 |_Kk
OX oy Oz
2X —YyY —Vyz® —vy°z




Aditya Engineering College(A)

N =k,ds = dxdy

jcurllf nds = jl? kdxdy = ”‘dxdy J) ¥y
S S o R f N
=4.f jdydx Y. & %
x=0 vy=0
A j‘[y]olxzdx — 4 j‘\/l— X2 dx
=4[g—\/1—x2 + —sin t x]1

— 4[%sin_1(1)] — 2% — 7
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Problem
Evaluate by Stoke’s theorem f (e"dx + 2ydy —dz) where Cis

the curve x° 4+ y* =9,z —2

Sol: we have, - - B
dr = dxi + dyj + dzk

F -dr = (e*dx + 2ydy — dz)
Then

F=e*I +2yj—k

By Stokes’s theorem,
| F-dr = | curlF.nds
C S



S s Faas
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Consider,

jcurIF-ﬁds

S —

i

curlFF = i
OX

fl

] i Kk
_|e <o 9o
OX oy oz
e” 2y —1

Aditya Engineering College(A)

=1(0—0)— j(O—0)+ k(0—0)

=0
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Ilf.dr = _fcurllf.ﬁds =0
C S

- [ (e*dx+2ydy —dz) = [ F -dF =0
C

C
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Problem
Evaluate by Stoke’s theorem | F - dF where F =2y’ +3x°]—(2x+ )k
and Cis the boundaryof the tr(z;inglewhose vertices are (0,0,0), (2,0,0),

(2,2,0)
Sol: Since z-coordinate of each vertex is zero, the triangle lies in xy-
plane "
By Stokes’s theorem, 1
B(2,2)
V=X

Ilf-df = _fcurllf.ﬁds
C S
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Consider, j curl |f -nds
S

curlF =
X W4 oz
fl f2 f3
] j k
_|° 9 o
OX oy oz
2y° 3x° —2x—12

=1(0—0)— J(—2 —-0) + k(66X —4YVy)
=21—|—(6x—4y)k
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Since the projection is in xy-plane, i =k ,ds = dxdy
jcurnf .fids = jzj+ (6X —4y)k - kdxdy = _”(GX — 4y)dxdy
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ENLICHIENS T HE NESCIENGCE

Practice Problem

1.Verify Stoke’s theorem for F = x?i + Xyj round the
square in the plane z=0 whose sides along the lines x=0,y=0

X=a,y=a



